Let A be a quaternion algebra over a number field k and assume that A satisfies the Eichler condition so that some infinite place of k is unramified in A. Let L be a quadratic extension of k which embeds in A. Let R k denote the ring of integers of k and let B be an R k -order in L. Suppose that E is an Eichler order of A of square-free level S. In this paper, we determine when there exists an embedding σ : L → A over k which gives an optimal embedding of B into E in the sense that σ (L) ∩ E = σ (B). This generalises previous work of Eichler [M. Eichler, Zur Zahlentheorie der Quaternionenalgebren, J. Reine Angew. Math. 195 (1955) 127-155] and Chinburg and Friedman [T. Chinburg, E. Friedman, An embedding theorem for quaternion algebras, J. London Math. Soc. 60 (1999) 33-44].
Introduction
Let k be a number field and let A be a quaternion algebra over k. Let L be a quadratic extension field of k. The following classical theorem gives necessary and sufficient conditions for the existence of an embedding of L into A over k.
Theorem 1.1 (Hasse-Brauer-Noether-Albert). There is an embedding of L into A over k if and only if no place of k which is ramified in A splits in L.
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0022-314X/$ -see front matter © 2008 Elsevier Inc. All rights reserved. doi:10.1016/j.jnt. 2007 .12. 007 Now let B be an R k -order in L and suppose σ : L → A is an embedding over k. Then A = σ (L)x 1 + σ (L)x 2 for some x 1 , x 2 ∈ A. Set I = σ (B)x 1 + σ (B)x 2 so that I is an R k -lattice in A such that σ (B) is contained in the left order O (I ) of I . Thus, there will be some maximal order O of A in which B embeds. An integral version of the above theorem was given in [1] . This determines, for a given order B in L and a given maximal order O in A when B can embed in O assuming that A satisfies the Eichler condition, i.e. that A is unramified at at least one Archimedean place.
Clearly, if B embeds in O, then it embeds in any conjugate of O so that, for this theorem, we describe the conjugacy classes of maximal orders in A. As will be recalled in Section 2, one can associate to two maximal orders O 0 and O a distance ideal ρ(O 0 , O) which is a non-zero integral ideal of k. Furthermore, we will recall the definition of a certain finite quotient T (A) of the narrow class group of k. Now fix a maximal order O 0 . Then the mapping sending a maximal order O to the class of ρ(O 0 , O) in T (A) induces a bijection between the conjugacy classes of maximal orders in A and T (A). The theorem in [1] can then be stated as follows (for detailed terminology see Section 2): Theorem 1.2 (Chinburg, Friedman 
This notion was introduced by Eichler [3] who gave necessary and sufficient conditions for the existence of an optimal embedding of B in some [3] . Let f (B) denote the conductor of B so that
For an order B in L and a prime ideal P of k define
where ( L P ) is the Legendre symbol taking the values +1, −1, 0 according as P splits, is inert or is ramified in the extension L | k. 
Theorem 1.3 (Eichler
These Selectivity Conditions will be spelled out in Section 2 as will the definition of the subgroup M. In [2] , Theorem 1.2 was used to determine the isomorphism classes of all finite subgroups of a given maximal arithmetic Kleinian group. Finite cyclic subgroups in arithmetic Fuchsian groups give rise to embeddings of quadratic extension fields L into A. For maximal arithmetic Fuchsian groups, these yield optimal embeddings of suitable orders in L into maximal and Eichler orders. The number of conjugacy classes of finite cyclic subgroups can then be determined by counting conjugacy classes of appropriate optimal embeddings. This has been employed for maximal and other arithmetic Fuchsian groups and also for other discrete groups associated to quaternion algebras [4, [9] [10] [11] 6, 7] . In most of these cases, L is a totally imaginary extension of the totally real field k which implies (see Section 2) that the Selectivity Conditions never hold. In a similar way, reflections in (co-compact) maximal discrete arithmetic subgroups of isometries of two-dimensional hyperbolic space give rise to embeddings of quadratic extensions L into A. However, in these cases, the Selectivity Conditions may hold. One application of Theorem 1.4 is as a first step in counting conjugacy classes of reflections in maximal discrete arithmetic subgroups. The author will pursue this in a further publication.
In Section 4, we will discuss a number of examples for some fields of small degree over Q.
Background
Let A be a quaternion algebra over a number field k. For each place ν of k, let k ν denote the completion of k at ν. Then A ν = A ⊗ k k ν is a quaternion algebra over k ν . The ramification set Ram(A) of A is the set of places ν such that A ν is not isomorphic as a k ν -algebra to M 2 (k ν ). The set Ram(A) is finite and of even order. Define Ram ∞ (A) (respectively Ram f (A)) to be the set of infinite (respectively finite) places in Ram(A). We will assume throughout that A satisfies the Eichler condition. For more details about quaternion algebras, see [11, 8] .
An Eichler order E is the intersection of two maximal orders
with π a uniformizer in k P .
If O, O are maximal orders in A, the distance ideal is defined to be
where
the set of conjugacy classes of maximal orders in A. Define the group T (A) by
where R is the subgroup of I k generated by the primes ideals in Ram f (A) and P k,∞ the subgroup of principal fractional ideals with a generator in k * ∞ , whose elements are positive at all places
bijection between C(A) and T (A). This bijection can alternatively be described as follows: Choose an ideal I of A such that O (I ) = O 0 and O r (I ) = O. Let n(I ) be the reduced norm of I . Then the image of n(I ) in T (A) is equal to the image of ρ(O 0 , O) in T (A).
In the same way, let C S (A) denote the set of conjugacy classes of Eichler orders of A of square-free level S. Define T S (A) by
where S is the subgroup of I k generated by all P ∈ S. 
Let L be a quadratic field extension of k which can be embedded in A. It thus satisfies the criteria given in Theorem 1.1 and, following Eichler [3] , we call L a regular subfield of A. As mentioned in Section 1 our results depend on the relationship between L, A and S, and in particular, on a subgroup M of T S (A) which we now define. To obtain the relationship between T S (A) and M we use some results from class field theory extending ideas in [1] . The Artin map defines an isomorphism We have established that
and the following result:
Theorem 2.3. In the above terminology, A, L and S satisfy the Selectivity Conditions OE(S) if and only if [T S (A)
Note that, if Selectivity Conditions OE(S) hold then so do OE(∅). The Selectivity Conditions E referred to in Theorem 1.2 are the conditions OE(∅) together with the additional requirement that all prime ideals dividing f (B) are split in L | k.
In the proofs in the next section, we need to examine the relationship between various class groups (see [9, 10] ). Let R L denote the maximal order in L and let B denote any other R k -order in L so that B is a finitely-generated R k -module such that Bk = L and B is a ring with 1. Let C(L) denote the class group of R L . The class group of B, C(B), is the group of invertible Bideals modulo the principal ones. As L is a regular subfield of A, for α ∈ L * , then N L|k (α) = n(α) ∈ k * ∞ by the norm theorem. Thus for
Theorem 2.4. With notation as above,N(C(L)) =N(C(B)).
Proof. Let J 0 be an integral R L -ideal. In the class of J 0 , pick an integral ideal J 0 which is rel- 
Optimal embeddings
We make further use of Eichler's results on optimal embeddings. Specifically (see [3] )
Theorem 3.1 (Eichler). Let σ be an optimal embedding of B in an Eichler order E of square-free level S. Then σ is an optimal embedding of B in an Eichler order E of level S if and only if there exists an invertible B-ideal J such that O r (Eσ (J )) = E .
Recall that Theorem 1.3 gives necessary and sufficient conditions for an order B to embed optimally in some Eichler order of square-free level. 
Proof. Let σ : L → A be such that σ (L) ∩ E 0 = σ (B). Let E be another Eichler order of level S and suppose there exists σ : L → A such that σ (L) ∩ E = σ (B). By the Skolem-Noether theorem, there exists
. Thus there exists an optimal embedding of B in E if and only if there is a Eichler order E in the same conjugacy class as E such that σ is an optimal embedding in both E 0 and E . By Proof. Here we use a local-global proof close to those used in [3] 
In each case, there exists a w 0 satisfying a quadratic equation
For each P i ∈ S, P i splits in L. Thus in these cases we can choose w 0 such that π i | n (π i t). (4)) and
From these local embeddings we obtain an embedding of L in A which is an optimal embedding of R L in an Eichler order of square-free level S, which we can take to be E 0 , and which is also an optimal embedding of B in
an Eichler order E(B) = O(B) ∩ O(B) of level S, where ρ(O, O(B)) = f (B). Then B embeds optimally in E if and only if the image of ρ(O(B)
, O) lies in the subgroup M, by Theorem 3.2. Now, for each prime ideal P,
Thus B embeds optimally in E if and only if the image of f (B)ρ(O
0 , O) lies in M. 2
Examples
In these examples, we combine Theorems 1.3 and 1.4 to determine the existence or otherwise of optimal embeddings. Thus A is a quaternion algebra over k, S a set of prime ideals of k disjoint from Ram f (A), L a regular subfield of A and B an order in L. Then Theorem 1.3 determines whether or not B embeds optimally in some Eichler order of level S. Selectivity Conditions OE(S) then determine if B embeds in all or half the classes of Eichler orders of level S. When Selectivity Conditions OE(S) hold, the set of Eichler orders of level S are partitioned into two sets S 0 , S 1 by the subgroup M. The set of orders in which an order B will embed optimally will either be precisely S 0 or precisely S 1 . We say that B selects S 0 or S 1 (cf. [1] ). The set which B selects is determined by Theorem 1.4 once one has determined which set R L has selected.
1. Let k = Q(t) where t 3 − 4t + 1 = 0. Then k is totally real and Δ k = 229. Let the roots of the minimum polynomial of t be t 1 < t 2 < t 3 and the corresponding real places ν 1 , ν 2 , ν 3 . Let A be a quaternion algebra over k with Ram(A) = {ν 2 , ν 3 }. Then T (A) has order 2 with the non-trivial element represented by
Choose L = k(ρ) where ρ satisfies x 2 − t 2 x + t 2 = 0. By Theorem 1.1, L is a regular subfield of A. By Theorem 1.3, there exists an optimal embedding of any order B in some maximal order of A. Also the Selectivity Conditions OE(∅) hold for A and L. We consider the optimal embeddings of a selection of orders in L in various Eichler orders.
Note that R L = R k [1, ρ] . 
In this example we will only consider optimal embeddings in maximal orders. This class group is isomorphic to Z 2 ⊕ Z 2 with the non-trivial elements represented by the ideals yields an optimal embedding of the order B = R k [ 
